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The Black-Scholes-Merton Dual Equation 
 
Abstract: We derive the Black-Scholes-Merton dual equation, which has exactly the same form 
as the Black-Scholes-Merton equation. The new equation is general and works for European, 
American, Bermudan, Asian, barrier, lookback, etc. options and leads to new insights into pricing 
and hedging. Trivially, a put-call equality emerges − all the above-mentioned put (call) options 
can be priced as their corresponding calls (puts) by simply swapping stock price (dividend yield) 
for strike price (risk-free rate) simultaneously; equally important, deltas (gammas) of such 
options are linked via analytic formulas. As one application in hedging, the dual equation is 
utilized to improve the accuracy of the recently proposed approach of hedging options statically 
with short-maturity contracts. 
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In his groundbreaking paper, Merton (1973) elegantly proves that call prices of American options 
are homogeneous of degree one.1
 Utilizing the price homogeneity and the Black-Scholes-Merton (BSM) differential equation 
(Black and Scholes, 1973; Merton, 1973),
 The price homogeneity of derivatives turns out to be quite 
general for scale-invariant underlying processes, and the prices of many well-known options, 
such as Bermudan, Asian, and barrier, are actually homogeneous of degree one (Alexander and 
Nogueira, 2006). 
2
 Conspicuously, the BSM dual equation is very general. Because the option’s price preserves 
the homogeneity of its payoff (Alexander and Nogueira, 2006), the BSM dual equation works for 
any option with a payoff of homogeneous of degree one. Such options include, but are not 
limited to, European, American, Bermudan, Asian, barrier, and lookback. 
 we derive a second-order partial differential equation 
with respect to the option’s strike as the fundamental variable. Interestingly, this new equation 
has exactly the same form as the celebrated BSM equation, but with the strike price replacing the 
underlying price and the risk-free interest rate switching places with the dividend yield. Due to 
the “symmetry” between the new equation and the BSM equation, we will refer to this new 
equation as the Black-Scholes-Merton dual equation. 
 The BSM dual equation has intriguing implications for the pricing of complex options. We 
                                                        
1 Merton (1973) does not discuss the homogeneity of put prices. 
2 According to Alexander and Nogueira (2006), the geometric Brownian motion is scale-invariant. 
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prove that the price of put options is equal to that of call options via the dual equation, and vice 
versa. Actually, the put-call equality is accomplished by simply swapping stock price (dividend 
yield) for strike price (risk-free rate) simultaneously, which is readily verifiable for European 
options via the BSM formulas and for American options via binomial-trees. This put-call 
equality is more general than the classic put-call parity, which is valid solely for European 
options. Equally important, the delta of put options is a simple analytic function of that of call 
options, so is gamma, and vice versa. 
 The put-call equality leads to further new insights on pricing, among which we show two. It 
is generally believed that unlike American calls, American puts can only be priced numerically. 
We show convincingly that American currency puts can be approximated quite well by the 
Black-Scholes-Merton put formula, if the foreign risk-free rate is higher than the domestic 
risk-free rate. In the limit of a zero domestic risk-free rate, the BSM put formula becomes the 
exact price for American currency puts. 
 Another insight concerns the issue of known dollar dividends in pricing European options. 
Hull’s popular textbook (2015) makes use of the risky component of the stock process. We argue 
that under the put-call equality the risky component approach is incorrect for American calls. 
Therefore, the textbook approach to dollar dividends for European options pricing is probably 
problematic. 
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 No less fascinatingly, the BSM dual equation also has potential applications in options’ 
hedging, a representative example of which is shown by us. Wu and Zhu (2016) recently 
proposed an ingenious scheme of hedging an option statically with a portfolio of options with 
shorter maturities. In terms of hedge accuracy, we show that the Wu-Zhu scheme can be 
improved upon by utilizing the dual equation. The improvement is confirmed by extensive 
numerical analyses. 
 We contribute to the derivatives’ literature in three ways. First, the BSM dual equation, 
which complements the BSM equation, is perhaps the last piece to complete the 
Black-Scholes-Merton framework. Second, the BSM dual equation and the put-call equality 
provide new perspectives on and innovative approaches to options’ pricing, and is shown to shed 
light on several complex issues in options’ pricing and hedging. Third, the put-call equality leads 
to simpler and possibly more efficient implementations of options’ pricing for real-world 
practical applications. 
 Note that the BSM dual equation is not the only second-order partial differential equation 
with respect to the option’s strike. Widely used as local volatility models, the Dupire equation 
(1993) and its improved version (Gatheral, 2002) also utilize the strike price as the fundamental 
variable.3
                                                        
3 According to Breeden and Litzenberger (1978), the risk-neutral probability density at an option’s maturity is a 
linear function of the second-order partial derivative of the price of a European call with respect to its strike. This 
 Important differences remain, however. Unlike our general dual equation, the 
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(improved) Dupire equation is not scale-invariant (Alexander and Nogueira, 2006) and in 
principle works only for European options at maturity. 
 Also, relationships between puts and calls exist in the literature. Andreasen and Carr (2002) 
provide an excellent review of various ways of relating puts to calls, such as put-call equivalence 
(Grabbe, 1983; Detemple 1999; Schroder, 1999), put-call symmetry (Bates, 1988), and put-call 
duality (Andreasen, 1997; Haug, 2002; Peskir and Shiryaev, 2002). Among those, the “dual 
economy” in Andreasen (1997) is closest to ours, but “time is reversed” in that economy. All 
those previous discussions are limited only to European and perhaps American options, but our 
put-call equality generalizes the existing results and is also applicable to other options, such as 
Bermudan, Asian, barrier, and lookback. Our approach stands out in other aspects, too. The proof 
of the put-call equality, which seems ingenious and mathematically simplest, is undoubtedly 
unique. Operationally, the application of the put-call equality is the simplest. Finally, it appears 
that only our dual reasoning leads to additional insights into issues concerning options’ pricing. 
 The remaining part of the paper is outlined here. Section I derives the Black-Scholes-Merton 
dual equation for options with payoffs of homogenous of degree one, and discusses its economic 
implications. Next, we discuss the put-call equality, a new insight from the BSM dual equation, 
and several issues on options’ pricing in Section II. In Section III, an application of the BSM 
                                                                                                                                                                                  
relationship is utilized to derive both the Dupire equation and its improved version. 
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dual equation in options’ hedging, concerning the improvement of the Wu and Zhu (2016) hedge 
scheme, is considered in details. Finally, we conclude with remarks. 
I. The Black-Scholes-Merton Dual Equation 
Wu and Zhu (2016) proposed the ingenious scheme of hedging an option statically with a 
portfolio of options of the same kind but of shorter terms of maturities. The weights of the 
hedging options are determined by matching payoffs at the end of the hedging period via the 
approximate Dupire equation (1993). Researching on an improvement of the Wu-Zhu scheme, 
we serendipitously stumble onto the “symmetric” twin form of the celebrated 
Black-Scholes-Merton (BSM) equation.4
PROPOSITION 1: Under the Black-Scholes-Merton framework, the price of any option with a 
payoff of homogeneous of degree one satisfies the following Black-Scholes-Merton dual 
equation: 
 To the best of our knowledge, the BSM twin form 
seems to have not been discussed by previous literature. This new twin form is presented in 
Proposition 1. 
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where v is the option price, q is the continuous dividend yield, r is the risk-free interest rate, K is 
                                                        
4 Loosely, we use the term “BSM equation” to refer to the generalized equation with a continuous dividend yield or 
for a foreign currency (Garman and Kohlhagen, 1983). 
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the strike price, andσ is the volatility. 
PROOF: According to Alexander and Nogueira (2006), the price of options preserves the 
homogeneity of their payoffs, given a scale-invariant underlying process. Further, the 
well-known geometric Brownian motion (GBM) under the BSM framework is scale-invariant. 
Therefore, the prices of options with a payoff of homogeneous of degree one are homogeneous 
of degree one under BSM, too. 
 Denote the prices of such options by v( tS ,K), where tS is the underlying price and K is the 
strike price. According to Euler’s homogeneous function theorem, we have: 
 
K
vK
S
vSv
t
t ∂
∂
+
∂
∂
=  ⑵. 
Furthermore, it is not difficult to show (see Appendix I) that: 
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Combining Equations (2-3) with the Black-Scholes-Merton equation (with a constant dividend 
yield), we obtain Equation (1). QED. 
 One can readily see that Equation (1) has exactly the same form as the BSM differential 
equation with a continuous dividend yield (Black and Scholes, 1973; Merton, 1973), but with K 
substituting tS and r switching places with q. For this reason, it is called the 
Black-Scholes-Merton dual equation in Proposition 1. Note that the derivation is independent of 
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q, r, and/orσ , so Equation (1) is not limited to these three parameters being constant. 
 Note that Equation (1) is quite general. The dual equation works for a broad class of 
well-known options under BSM, such as European, American, Bermudan, barrier, and Asian, 
because their payoffs (and thus prices) are homogeneous of degree one (Alexander and Nogueira, 
2006). 
 Intuitively, Equation (1) is not difficult to understand for two simple reasons. First, the 
payoff, )0,max( KST − , of a call option is also the payoff of a put option on the “underlying” 
price K with a “strike” TS . This can be elaborated in the following way. Imagine that one stands 
on and moves with the underlying price at maturity. The underlying price would appear to be 
fixed while the strike price would seem to be varying. As a result, the call option written on the 
underlying would appear to be a put option written on the (varying) strike, which can be viewed 
as a risk-free “bond” with price K. In such a world, the underlying share is the numeraire or the 
unit of measure.5
                                                        
5 The BSM dual equation (1) is not a result of simply changing the numeraire though, because in changes of 
numeraire, the strike is still treated as a constant (see for example, Schroder, 1999). 
 Measured in shares, q represents additional “shares” or would be the “risk-free 
interest rate”, and r stands for the “interest rate income” provided by the “underlying bond” or 
would be the “continuous dividend yield.” Second, it is true of course that the 
Black-Scholes-Merton equation works for both calls and puts. Therefore, the price of “the put 
written on the bond” would also satisfy the BSM equation. With K as the underlying price, q as 
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the risk-free interest rate, and r as the continuous dividend yield, that “Black-Scholes-Merton 
equation” would be nothing but the dual Equation (1). 
 Further, the Black-Scholes-Merton formulas provide special cases for the above reasoning. 
In the price formulas of European options with a continuous dividend yield, the symmetry 
between tS (q) and K (r) is doubtlessly obvious. Therefore, it will not change the mathematical 
characteristics of the formulas by swapping tS (q) for K (r) simultaneously. The new formulas 
would be prices for options written on K, with a strike price tS , a “risk-free interest rate” q, and a 
“continuous dividend yield” r. Then mathematically, the formulas after swapping have to be the 
solutions of the dual Equation (1). 
II. The Put-call Equality 
The dual nature of Equation (1) with respect to the BSM equation has intriguing implications for 
options’ pricing. The results for a general put and its corresponding call in the world of the BSM 
dual equation are proved and summarized as follows. 
PROPOSITION 2: Let refer to the original BSM world as the BSM space. Further, the BSM 
dual equation world is named the dual space, in which the strike price is treated as the 
“underlying” variable and the current stock price is assumed to be the “strike”, while the roles of 
r and q are switched. Further, dual calls (puts) are used to mean call (put) options in the dual 
space. For options with payoffs that are homogenous of degree one (i.e., consisting with 
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Proposition 1), denote the call prices by ),;,( 0 qKrSVC and put by ),;,( 0 qKrSVP , in which the 
positions of the variables are significant and sequentially denote stock price, risk-free rate, strike 
price, and dividend yield: 
 (a) The price of a put ),;,( 0 qKrSVP is equal to the price of its corresponding dual call
),;,( 0~ rSqKVC . Note that we use ~ on top of the C (or P) to indicate the dual space; 
 (b) The delta of a put 0SVP ∂∂ is equal to 0~ )( SKVC ∆− , where KVC ∂∂=∆ ~ is the delta of the 
corresponding dual call. 0S and K stand for stock price and strike price defined in the BSM space, 
respectively; 
 (c) The gamma of a put 20
2 SVP ∂∂ is equal to
2
0
2 SK Γ , where 2~2 KVC ∂∂=Γ is the gamma of 
the corresponding dual call. 0S and K stand for stock price and strike price defined in the BSM 
space, respectively.6
PROOF: (a) According to Proposition 1, the price of a put
 
),;,( 0 qKrSVP solves both the BSM 
equation and Equation (1). As a solution of the dual equation though, PV is also the price of a call 
with underlying variable K, strike 0S , risk-free rate q, and dividend yield r, and is thus nothing 
but ),;,( 0~ rSqKVC by definition. To conclude, CP VV ~= . 
(b) From (a), we have KVKV CP ∂∂=∂∂ ~ . Combining with Equation (2), we obtain the result for 
                                                        
6 With delta and gamma, we have a complete story for pricing and hedging. Undoubtedly, delta and gamma are two 
of the most important and useful Greeks. According to Chatterjea and Jarrow (2012), they are also the only valid 
Greeks. 
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the put delta. 
(c) From (b), we have 2~222 KVKV CP ∂∂=∂∂ . Utilizing Equation (3), we obtain the result for the 
put gamma. QED. 
 The interpretation of Proposition (2.a) is actually very simple; trivially, any put can be priced 
as its corresponding call by simply swapping stock price (dividend yield) for strike price 
(risk-free rate) simultaneously. For example, a put with stock price 40, strike 50, risk-free rate 
6%, and without dividends can be priced as a call with stock price 50, strike 40, risk-free rate 0%, 
and dividend yield 6%, or %)6,40;0,50()0,50%;6,40( ~CP VV = in mathematical notations. This will 
be easily seen later in Table I for American options. 
 Apparently, the above proof is also correct for any call and its corresponding dual put. With 
Proposition 2, it is clear that the price, delta, and gamma of a put (call) can be obtained from 
those of a call (put) in the dual space. This provides a new approach for understanding and 
pricing options, which is referred to as the put-call equality, and can be truly useful when the 
pricing in the BSM space seems to be challenging (see Sections II.C and II.D below). 
Importantly, the proposition is very general and works for a broad class of options with payoffs 
of homogeneous of degree one. 
 Furthermore, Proposition 2 or the put-call equality has appealing implications for the 
implementation of options’ pricing methods. In principle, only one type of options, either calls or 
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puts, is necessary to be implemented in computer coding. If the call pricing is implemented, puts 
can then be priced via the same program by simply swapping stock price (dividend yield) for 
strike price (risk-free rate) simultaneously, and vice versa. This leads to simple and clean, small 
and efficient implementations of pricing algorithms in real-world applications. 
 For illustration, the put-call equality is verified in the following for European options via the 
Black-Scholes-Merton formulas and numerically for American options. Further, the put-call 
equality is utilized to shed light on the complex issues of pricing certain American puts and 
known dollar dividends in options’ pricing. 
A. European Options 
Denote the European call (put) price by c (p). The well-known Black-Scholes-Merton put 
formula is: 
)()(),;,( 1
-
02
-
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 Because the BSM dual equation has exactly the same form as the BSM equation, the dual 
call price that solves the BSM dual equation must have the same form as the BSM call formula 
in the BSM space, but with 0S (r) switching places with K (q). Therefore, the corresponding dual 
call price is as follows: 
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Trivially 2
*
1 dd −= and 1
*
2 dd −= . Therefore, pc =~ . Similarly, the corresponding dual put price can 
be shown to be the same as the call price. 
 Further, it is trivial to show that the call delta in the dual space is )( *1
- dNe rT . Applying 
Proposition (2.b), we obtain the put delta as )( *2
- dNe qT , which is nothing but the well-known put 
delta )( 1
- dNe qT − in the BSM space. Similarly, Proposition (2.c) can be verified. 
 Of course, the European call and put are related via the well-known put-call parity (Black 
and Scholes, 1973), so the put-call equality may seem to be unnecessary for European options. 
Nevertheless, the put-call equality, which also works for American and many other options, 
provides an alternative to and is significantly more general than the put-call parity. 
B. American Equity Options 
For American options when early-exercise can be optimal, the put-call equality can only be 
verified via numerical examples. The numerical parameters utilized in this section are assumed 
as follows. The risk-free rate is 6%, the volatility is 40%, and the maturity of options is 365 days. 
The numerical pricing is carried out via binomial tree with daily steps here. Note that even 
though the chosen numerical values in this section are quite limited, the conclusions are 
nevertheless valid in general. 
 It is well-known that when the underlying stock does not pay any dividend, an American 
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equity call should never be exercised early (Merton, 1973), and thus can be priced by the 
Black-Scholes-Merton call formula. Further, the premium of early-exercising can usually be 
ignored approximately (see a heuristic argument in Appendix II). On the other hand, it may be 
optimal to exercise an American put before maturity. Therefore, it is only necessary to verify 
Proposition 2 for American puts. Table I shows clearly that American puts can be priced as 
American calls in the dual space with negligible errors. 
Table I here 
 In addition, the delta and gamma of an American put option can be computed accurately 
from the delta and gamma of its corresponding dual call, respectively. Most of the corresponding 
deltas match to four digits after the decimal point, so do gammas (Table II). 
Table II here 
C. American Currency Puts 
Ever since Merton (1973), it has been believed that American puts can only be priced 
numerically. The put-call equality leads to new insights on American currency puts, however. If 
the domestic risk-free rate were zero, the corresponding dual call of the American put would be 
equivalent to an American equity call without dividends, and thus not be exercised early at all. 
Applying the dual pricing reasoning again but in reverse, we know that this dual call has the 
same price as its corresponding European put in the BSM space. Therefore, the American 
14 
 
currency put with a zero domestic risk-free rate can then be priced exactly by the BSM put 
formula.7
 One might argue that risk-free interest rates are rarely zero. Still, it is not uncommon for
 This is certainly more accurate than numerical approaches, all of which are 
unfortunately prone to numerical errors. 
frr < . In this case, the early-exercising premium of an American put can be negligible, as the 
put-call equality reveals once more. In other words, American puts with frr < can be priced 
approximately by the BSM put formula. 
 The above analyses for American puts are easily confirmed numerically (Table III). When 
the domestic risk-free rate is zero, the prices of American puts and their corresponding European 
puts are almost the same, provided that numerical errors exist in the binomial-tree pricing of 
American puts. With a domestic risk-free rate of 3%, which is one half of the foreign risk-free 
rate, the absolute pricing errors of the BSM put formula for the American puts are all below 0.1% 
and still truly small. Finally with a domestic risk-free rate as high as 5%, the biggest absolute 
error is nevertheless under 1% and perhaps well acceptable in practice. 
Table III here 
D. Known Dollar Dividends 
The issue of known dollar dividends in options’ pricing is complicated and seems to be still an 
                                                        
7 The “BSM formulas” here loosely refer to pricing formulas for European currency options in Garman and 
Kohlhagen (1983). 
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open question. In the popular textbook of Hull (2015), European options are priced by applying 
the BSM formulas to the risky component of the stock process. With the notation used in Section 
II.A, the price of a European call is then )0,;,( 0 KrDSc − , where D is the present value of dollar 
dividends, and the parameter 0 indicates a zero dividend yield or without dividends. Obviously, 
the risky component of the stock process is modeled as GBM (and thus scale-invariant), and the 
BSM formula )0,;,( 0 KrDSc − is homogenous of degree one with respect to DS −0 and K, and is a 
solution of the dual equation. Note that Hull (2015) states explicitly that this approach has been 
criticized by some recent literature (for example, Areal and Rodrigues, 2013). 
 Remarkably, whether the Hull (2015) approach is legitimate can be analyzed via the put-call 
equality. If we follow the Hull approach for American calls, the American price is then
)0,;,( 0 KrDSC − . Even though it is perhaps unclear how to handle early exercise for calls here, 
the corresponding put in the dual space turns out to be easier to analyze. The price of the dual 
American put is simply ),;0,(~ 0 rDSKP − , where the underlying variable K represents again the 
risky component. Since DS −0 is now the strike (and a constant), D is absent from the underlying 
process of the risky component, and the “risk-free rate” is zero, the dual put will not be exercised 
early (see Section II.C above). Therefore, P~ is equal to the price of the dual European put. 
Because the price of the dual European put is the same as )0,;,( 0 KrDSc − , we have
)0,;,()0,;,( 00 KrDScKrDSC −=− . In other words, the American call would have the same 
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price as the corresponding European call under the Hull (2015) approach. On the other hand, it is 
known that it can be optimal to exercise the call right before the dividend payment (Merton, 
1973). Therefore, we have a contradiction here. This implies that the assumption of the risky 
component is problematic. To conclude, the textbook treatment of dollar dividends for European 
options is probably problematic. 
 A moment of reflection will confirm this unfortunate conclusion. Indeed, if one works only 
with the risky component of the stock process, there is no place for any known dividend; the 
present value of the dividend can only go with the initial stock price. On the other hand, the risky 
component of the stock process should be independent of and indifferent to the type of the option, 
be it European or American. In other words, the risky component of the stock process should 
work in the same way for both European and American options. Without any mechanism for 
early-exercising, an American call thus has to be the same as its corresponding European call. 
 In summary, the implication of the put-call equality on options’ pricing is very innovative 
and insightful. Further, the put-call equality leads to an efficient evaluation via the BSM put 
formula for American currency puts, when the foreign risk-free rate is higher. Finally, a new 
understanding can be gained on Hull’s textbook approach to known dividends in pricing 
European options, as the above dual pricing analyses reveal. 
III. Improved Wu-Zhu Static Hedge 
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In this section, we discuss another possible application of the BSM dual equation. Theoretically, 
the risk of options can only be perfectly hedged dynamically (Black and Scholes, 1973; Merton, 
1973). Alternatively, options can be approximately hedged statically, which might be preferred in 
practice for its simplicity of implementation. Static hedge is more or less based on matching 
payoffs, an idea first suggested by Breeden and Litzenberger (1978). For nonlinear payoffs, a 
scheme of static hedge was first proposed by Derman et al. (1995) and later improved upon with 
optimizations by Liu (2010). Hedging barrier options by standard options was discussed by Carr 
and Chou (1997). For piecewise linear payoffs, Wu and Zhu (2016) recently proposed an 
ingenious approach of static hedge, built on Carr and Wu (2014), by using a portfolio of 
contracts with shorter maturities. 
 The Wu-Zhu scheme of matching payoffs depends critically on the Dupire equation (1993): 
2
2
22
2
1
K
cK
T
c
∂
∂
=
∂
∂ σ  
for eliminating the terms of the second-order partial derivative with respect to the option’s strike. 
With both the risk-free interest rate and the dividend yield being zero, the Dupire equation is 
only an approximation, however. Therefore, the hedge can in principle be made more meaningful 
economically and accurate numerically by including both the risk-free rate and the dividend 
yield. 
 Fortunately, this can be achieved by utilizing the BSM dual equation. Substituting t∂∂ by
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T∂∂− in Equation (1), we obtain the following: 
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which does contain both the risk-free rate and the dividend yield. Incidentally, Equation (2) 
seems to be the same as the improved Dupire equation (Gatheral, 2002).8
A. BSM-Dual Hedge Scheme 
 Still, there are crucial 
differences between the BSM dual equation and the improved Dupire equation. While the former 
is very general, the latter appears to work only for European options at maturity (see Footnote 3). 
Applying Equation (2), we can now improve the hedge accuracy of the Wu-Zhu scheme. To 
make it more general, we introduce a hedge period, which ends before the maturity of any of the 
hedging options, to the hedge scheme. The improved hedge weights of Wu-Zhu are summarized 
in Proposition 3, the derivation of which can be found in Appendix III. 
PROPOSITION 3: An option with strike K and maturity T can be hedged statically for a short 
period of Th. Assume that options are available with the following (strike, maturity) pairs: (Ku, 
To), (Kd, To), and (Kc, Tc ud KKK <<), where , ucd KKK << , ),min( coh TTT < , and
TTT co <),max( . A static replication is possible by a portfolio of three options with the following 
weights ( cudxwx ,,, = ), as a result of Taylor expansions of the prices of options around ),( hTK : 
                                                        
8 Equation (4) in Gatheral (2002) is incorrect for having an extra rc term, which can be confirmed by a different 
derivation that follows primarily the original Dupire (1993) derivation. 
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where r is the risk-free interest rate, q is the continuous dividend yield, and ),( hTKσ is the local 
volatility. 
 It is not difficult to verify that Equation (5) reduces to Equation (4) of Wu and Zhu (2016), 
when both r and q are set to zero and oh TT = . Therefore, Equation (5) is more general and 
probably more accurate too. For brevity, the new hedge scheme via Equation (5) will be called 
the BSM-dual hedge scheme hereafter. 
 Further, note that Tc is allowed to be shorter than To
 It is worth noting that BSM-dual hedge scheme is in principle applicable to all the options 
with payoffs of homogeneous of degree one, due to the dual equation (1). Therefore, it is more 
 in Wu and Zhu (2016). This might be 
problematic or leads to large errors, because at or after the maturity the partial derivative with 
respect to T may be ill-defined. Certainly, it makes more sense for a hedge to end before any of 
the hedging options expires. Therefore, the hedge period in Proposition 3 is required and set to 
be shorter than all the maturities of the hedging options. 
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general than the original Wu-Zhu hedge scheme. 
B. Hedge Performance under BSM 
The weights of the BSM-dual hedge via Equation (5), as well as the original Wu-Zhu hedge, are 
functions of the local volatility ),( hTKσ at the future time Th
 Even though the Heston stochastic volatility or/and jumps in the underlying price are 
included in the simulation analyses of Wu and Zhu (2016), how the future local volatility is 
determined under those circumstances appears not to be discussed. For example, it is even 
unclear how
. Consequently, both hedge schemes 
at the time of the hedge setup have to know the currently unknown future volatility, or rely upon 
the implicit assumption of deterministic volatilities. 
),( hTKσ should be forecasted at the time of the hedge setup under the Heston model 
(Heston, 1993). This issue may be worthy of research in a future project. 
 Fortunately, the volatility is either constant or deterministic under the Black-Scholes-Merton 
framework. Accordingly, the hedge weights in Equation (5) can be computed readily without any 
possible ambiguity. Further, prices of European options can trivially be obtained via the BSM 
formulas. Therefore, we focus on analyzing the hedge performance under Black-Scholes-Merton 
in the remaining part of this section. 
B.1. Parameter Sets 
Since the parameter space for options is infinite, the numerical values are chosen and limited to 
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the following for illustration purposes. Assume first, as is typically done, that the risk-free 
interest rate, volatility, and dividend yield are 5%, 20%, and 1% per annum, respectively. 
 Suppose that the strike and maturity of the call option being hedged are 50 and 0.5 years (or 
6 months). The strike spacing and maturity of the hedging call options can then be chosen with 
practical considerations. Around 50, the strikes for the hedging calls can be between 35 and 65 
with a strike spacing of 5. Typically, the front (or nearby) month contract expires in about one 
month, and the next month contract has a maturity of roughly two months.9
121
 For easy exposition 
then, these shorter terms of maturity are set to be 1 month (or years) and 2 months (or 122
years), respectively. Finally, the hedge period will end five days before the front month contract 
expires (i.e. 3655121 −=hT years), in order to avoid extreme price volatility when the option is 
very close to maturity. 
 Our unreported analysis shows that when KKc ≠ the corresponding hedge errors turn out to 
be quite large. This is also mentioned in Wu and Zhu (2016). Thus, the remaining analyses will 
focus exclusively on KKc = . For the pair ),( ud KK , (40,60) yields overall the smallest errors 
among the nine possible combinations, namely (35,55), (35,60), (35,65), (40,55), (40,60), 
(40,65), (45,55), (45,60), and (45,65). With the pair (40,60), one can further choose among three 
possibilities, namely two front month contracts and one next month contract, three front month 
                                                        
9 A contract with the shortest maturity is called the front, spot, or nearby month contract, and the next month 
contract expires one month after the front month contract does. 
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contracts, or one front month contract and two next month contracts. The first case, 
)122,121(),( =co TT , out of the three possibilities appears to be the best.
10
B.2. Gross Hedge Error 
 Those observations 
confirm more or less the results reported in Wu and Zhu (2016). 
Now let focus on the best case, namely )60,50,40(),,( =ucd KKK and )122,121(),( =co TT , and 
compare with Wu and Zhu (2016). From Equation (5), the BSM-dual weights, ),,( ucd www , are 
(0.2184,0.6323,0.1456), while the Wu-Zhu weights are (0.1818,0.6364,0.1818).11
 Given the underlying price at
 Obviously, 
even though the values of the risk-free rate and dividend yield are small, their effects on the 
weights are not insignificant. 
hT , the gross hedge error hε can be computed directly under 
Black-Scholes: 
 );,();,();,();,( hhouuhccchoddh TTKcTTKcwTTKcwTTKcw −++=ε  ⑹. 
where );,( hTTKc is the BSM call price formula at time hT (or the end of the hedge) with strike K 
and maturity hTT − . The three other price symbols in Equation (4) can be similarly interpreted. 
Of course, this definition is given by Wu and Zhu (2016), and its application is not limited only 
to Black-Scholes-Merton. 
 The gross hedge errors for stock prices between 35 and 85 are reported in Table IV. The 
                                                        
10 There are 81 possible combinations of strikes and maturities. 
11 The hedge period is the maturity of the front month contract for the Wu-Zhu weights. 
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absolute values of the hedge errors under BSM-dual are quite small for a wide range of stock 
prices, with the maximum of 0.218 for the stock price 45. On the other hand, the absolute values 
of the hedge errors from Wu-Zhu are comparatively much larger, with the largest at 0.779 for the 
stock price 60. 
Table IV here 
 Even though the absolute values of the errors are tiny for out-of-the-money calls, these 
errors as a percentage of the hedged call price are not small at all. Indeed, the percentage hedge 
error for the stock price 35 is as big as -100%. Therefore, the percentage error, defined as the 
ratio of hε and );,( hTTKc , would be a more meaningful gauge of the hedge performance. For the 
BSM-dual hedge, the absolute percentage errors are all under 1% when the call is at-the-money 
(ATM) or in-the-money ITM. On the other hand, all the absolute percentage errors from Wu-Zhu 
are above 1% and much larger. Viewed via percentage hedge errors, the outperformance of 
BSM-dual becomes truly remarkable. Unfortunately, percentage hedge errors are not reported by 
Wu and Zhu (2016). 
B.3. True Hedge Error 
Actually, the hedge error hε from Equation (4) may be inaccurate, because Equation (4) deals 
only with time hT . An accurate and correct measure should take the setup of the hedge into 
consideration, unless the initial replication is perfect. Let’s define the net cost of hedge as 
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follows: 
 ),(),(),(),( TKcTKcwTKcwTKcwx ouucccodd −++=  ⑺. 
where ),( TKc is the BSM option price at time 0 (i.e., the beginning of the hedge period). x is 
simply the value of the hedging portfolio minus the price of the hedged option at the time of the 
hedge setup. 
 It turns out that the net hedge cost is not zero from either BSM-dual or Wu-Zhu (Table V). 
While the highest cost from BSM-dual is only 0.151, most of the absolute costs from Wu-Zhu 
are many times higher. Similarly, the absolute value of the net cost is very close to the price of 
the hedged call, when the initial stock price is 35. As a result, the (setup) error is around -90%. 
Note that the setup hedge cost is another issue that is overlooked by Wu and Zhu (2016). 
Table V here 
 If the net hedge cost is positive, the hedging has to be financed by a loan that needs to be 
repaid at the end of the hedge. Otherwise, the hedging will be covered completely by the sales of 
the option being hedged (and possibly with an extra cash amount to be deposited in a bank). 
Thus, the true hedge error he has to take the net cost of hedge into consideration, by deducting the 
future value of the net hedge cost from the gross hedge error hε : 
 )exp( hhh rTxe −= ε  ⑻. 
 Using the gross hedge errors from Table IV and the net costs of hedge from Table V, one can 
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estimate the true hedge error for any pair of the initial underlying price at time 0 and the final 
underlying price at time hT . The price pair can be viewed as representing a possible price path. 
Because both Tables IV and V contain 11 prices, the number of price paths -- amounting to 121 
-- is too many to show here. Consequently, Table VI shows only the most relevant nine paths. 
Table VI here 
 As expected, the BSM-dual hedge outperforms Wu-Zhu. The percentage errors for the initial 
price of 45, or when the call option is out-of-the-money, are quite large. With errors as large as 
60% or even lower at 38%, the Wu-Zhu scheme is highly unacceptable. Therefore, the extension 
to the BSM-dual hedge is certainly worthwhile. 
B.4. Simulated Hedge Errors 
Obviously, the results in Table VI are rather contrived, even if the true hedge error does depend 
on the underlying price at the end of the hedge as well as the underlying price at the beginning of 
the hedge. Of course, the end-of-hedge price is not known at the time of the hedge setup. 
Therefore, it is necessary to analyze the hedge performance by utilizing Monte-Carlo 
simulations. 
Simulation Details 
Under Black-Scholes-Merton, it is well-known that given an initial price 0S , the terminal price 
can be obtained simply as: 
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)]5.0exp([ 20 zTTSS hhTh σσµ +−=  
where µ is the rate of return of the underlying, and z is the standard normal random variable. 
 Again assume )60,50,40(),,( =ucd KKK and )122,121(),( =co TT . Further, all the other 
parameter values from section III.B are also used here. µ is set to be qr − in Wu and Zhu (2016). 
For robustness, both qr − (or 4%) and the more realistic 8% are considered here. Finally, five 
initial stock prices from 46 to 54 are used in simulations, so that a full assessment can be 
obtained from two out-of-the-money (OTM) options, one at-the-money (ATM) option, and two 
in-the-money (ITM) options. For each initial price, 10,000 terminal prices are simulated by 
drawing independently from the standard normal distribution. Note that only the ATM case with 
1,000 final prices is analyzed via graphs in Wu and Zhu (2016). 
Mean Hedge Errors 
Only the root mean square hedge error (RMSE) is used in assessing hedge performance by Wu 
and Zhu (2016). As was pointed earlier in Section III.B, the percentage error can be a more 
meaningful gauge of the hedge performance than an absolute error. For similar reasons, RMSE 
alone is arguably not good enough, either. Therefore, two relative measures, in addition to RMSE, 
are used here. As is commonly utilized in the pricing literature, the three measures used are the 
mean percentage true hedge error (MHE), the mean absolute percentage true hedge error (MAE), 
and RMSE: 
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where J is the total number of simulated stock prices at hT (and 10,000 in this Section), )(
j
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defined by Equation (6) for stock price jThS , and ),;,(
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with maturity hTT − and stock price
j
Th
S . 
 Table VII presents the true hedge errors from simulations. In terms of MHE, the BSM-dual 
scheme seems to work fine for all the OTM, ATM, and ITM cases, while the corresponding 
MHEs from Wu-Zhu are roughly three times large, but nevertheless might be acceptable. With 
MAE, the errors from Wu-Zhu for the two OTM calls may well be too big to be practically 
useful, but the BSM-dual scheme may be still fine. Across OTM, ATM, and ITM, RMSEs are of 
the same magnitude roughly and indistinguishable; the RMSE from Wu-Zhu is at least twice as 
large as the corresponding RMSE from BSM-dual, but still seems to be quite small. Finally, 
these results are robust to the two choices of µ . In summary, the proposed BSM-dual scheme 
outperforms clearly the Wu-Zhu scheme in terms of all three error measures. Therefore, the 
proposed generalization of the Wu-Zhu hedge scheme via the Black-Scholes-Merton dual 
equation is no doubt well justified. 
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Table VII here 
 Three insights emerge from Table VII. First, the BSM-dual hedge approach works really 
well for and applies to ATM (with MAE under 2.5%) and ITM (with MAE under 1%) options in 
practice. Second, RMSE alone does not provide an accurate or clear picture of the hedge 
effectiveness. For example, the MAE from BSM-dual for one of the OTM calls is around 7% and 
thus may be unsatisfactory, even though the corresponding RMSE is tiny at about 0.07 or seven 
cents. Third, the Wu-Zhu hedge is only good enough for the ITM options due to its dependence 
on the approximate Dupire equation. 
IV. Conclusions 
We derive the Black-Scholes-Merton dual equation, a second-order partial differential equation 
with respect to the option’s strike price. This new equation is very general and works for 
European, American, Bermudan, Asian, barrier, lookback, etc. options. 
 The BSM dual equation shows important implications for options’ pricing. With the dual 
equation, it is easily proved that the price, delta, and gamma of put (call) options are equal to 
those of the corresponding call (put) options in the dual space. These equalities are readily 
verified for European options via the BSM formulas and for American options via binomial-trees. 
Further, the dual nature implies that American currency puts can be valued efficiently by the 
BSM formula of the dual call, when the foreign risk-free rate is higher. Finally, the dual 
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argument seems to suggest that the treatment of known dollar dividends in European options’ 
pricing is problematic in the popular textbook of Hull (2015). 
 As a remarkable application in options’ hedging, the BSM dual equation is utilized to 
improve the hedge accuracy of the static hedge scheme with short-maturity options of Wu and 
Zhu (2016). Extensive numerical analyses are carried out to assess the performance of the 
proposed BSM-dual hedge scheme. Under Black-Scholes-Merton, the BSM-dual scheme 
outperforms significantly the original Wu-Zhu scheme. The absolute percentage errors show that 
the new hedge scheme works fine for ITM and ATM options. 
 Future researches could proceed at least in three directions. First, the dual pricing reasoning 
may lead to new insights into the early-exercising boundary for American options. Second, it can 
be interesting to extend the dual equation to stochastic volatility and/or stochastic risk-free rate 
models. Third, it can be worthwhile to study how the BSM-dual hedge might be applied to 
American or barrier options. 
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APPENDIX 
I. Derivation of Equation 3 
It is known that the first-order partial derivatives of functions of homogeneous of degree one, 
such as v( tS ,K), are homogeneous of degree zero: 
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where β is an arbitrary positive real variable. Differentiating both sides of these two equations 
with respect to β , and setting β to 1, we obtain Equation (2) as follows: 
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II. Early Exercise of American Calls 
In the binomial tree model, the risk-neutral probability of the underlying price going up is (Hull, 
2015): 
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−
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=
)]exp([ δ  
whereδ is the time interval, and u (d) are the up (down) parameters. The hold value of American 
call is at least:12
δ
δδδ
)()(                            
)])(1()([
KrSqKS
KeSeKSdQKSuQe rqr
−−−≈
−=−−+− −−−
 
 
 Apparently, it is optimal to hold the call if the dividend yield is zero. Further, it is 
                                                        
12 The hold value will accumulate and increase going backwards in time. 
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approximately optimal to hold the call with KrSq < . Since rq < usually, only deep in-the-money 
American calls will be exercised early. Therefore, the early-exercising premium can be ignored 
approximately. On the other hand, the call shall be exercised early if KrSq > . 
III. Derivation of Proposition 3 
The derivation follows mainly Wu and Zhu (2016). Denote the price of an option with strike K 
and maturity T by c(K, T). Assume that ud KKK << , ucd KKK << , ),min( coh TTT < , and
TTT co <),max( . An option can be approximated around ),( hTK via Taylor expansions, to 
first-order in T and second-order in K: 
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 Applying Equation (A3) while substituting t∂∂ by T∂∂− , one can eliminate the 
second-order partial derivatives with respect to K. Matching the “constant” ),( hTKc terms gives 
the first equation among the three weights ( cudxwx ,,, = ): 
1)1()1()1( 222 =+++++ uuccdd whwhwh γγγ  
where 
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and )( hTTq −=γ . The first-order partial derivatives with respect to K require that: 
0)()()( 222 =+++++ uuucccddd whhwhhwhh βββ  
where σβ hTTqr −−= )( . The first-order partial derivatives with respect to T yield the final 
equation: 
1)()()( 222 =−+−+− uoucccdod whwhwh ααα  
where coxTTTT hxhx ,,)()( =−−=α . In matrix notations, the three equations in the three 
weights are written as Equation (5) in Proposition 3. With three linear equations, the three 
unknown variables (or weights) can be determined uniquely in closed-form if the determinant of 
the 3-by-3 coefficient matrix is non-zero. 
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Table 1 Binomial tree pricing of American options. 
American Put  American Call   
0,06.0 == qr   06.0,0 == qr    
pxS Strike pxP  pxS Strike pxC  Error (%) 
36 40 7.108  40 36 7.109  0.015 
38 40 6.157  40 38 6.158  0.019 
40 40 5.322  40 40 5.323  0.022 
42 40 4.592  40 42 4.593  0.025 
44 40 3.955  40 44 3.956  0.029 
 
Notes: The annual volatility is 40%. Both put and call mature in 365 days. The binomial tree has daily steps. r is the 
annual risk-free rate and q is the annual dividend yield. pxS: stock price. pxP: put price. pxC: call price. Error: (pxC 
– pxP)/pxP. 
  
Table 2 Delta and gamma of American puts. 
American Put  American Call    
0,06.0 == qr   06.0,0 == qr     
pxS Strike delP  pxS Strike pxC delC  Delta Error (%) 
36 40 -0.5089  40 36 7.109 0.6357  -0.5088 -0.006 
38 40 -0.4467  40 38 6.158 0.5783  -0.4467 -0.003 
40 40 -0.3908  40 40 5.323 0.5239  -0.3908 -0.001 
42 40 -0.3407  40 42 4.593 0.4726  -0.3407 0.002 
44 40 -0.2962  40 44 3.956 0.4247  -0.2962 0.005 
pxS Strike gamP  pxS Strike  gamC  Gamma Error (%) 
36 40 0.0326  40 36  0.0264  0.0325 -0.024 
38 40 0.0295  40 38  0.0266  0.0295 -0.023 
40 40 0.0265  40 40  0.0265  0.0265 -0.021 
42 40 0.0236  40 42  0.0260  0.0236 -0.019 
44 40 0.0210  40 44  0.0254  0.0210 -0.017 
 
Notes: The annual volatility is 40%. Both put and call mature in 365 days. The binomial tree has daily steps. r is the 
annual risk-free rate and q is the annual dividend yield. pxS: stock price. pxC: call price. delP: put delta from 
binomial tree. delC: call delta from binomial tree. Delta: for put via Proposition (2.b). gamP: put gamma from 
binomial tree. gamC: call gamma from binomial tree. Gamma: for put via Proposition (2.c). Error: (Delta – 
delP)/delP or (Gamma – gamP)/gamP. 
  
Table 3 Approximating American currency puts as European calls. 
American Put  European Call   
06.0,0 == frr   0,06.0 == frr    
pxS Strike pxP  pxS Strike pxc  Error (%) 
36 40 9.389  40 36 9.391  0.029 
38 40 8.344  40 38 8.341  -0.035 
40 40 7.394  40 40 7.389  -0.064 
42 40 6.535  40 42 6.531  -0.060 
44 40 5.763  40 44 5.761  -0.038 
06.0,03.0 == frr   03.0,06.0 == frr    
pxS Strike pxP  pxS Strike pxc  Error (%) 
36 40 8.545  40 36 8.543  -0.025 
38 40 7.555  40 38 7.549  -0.083 
40 40 6.660  40 40 6.653  -0.105 
42 40 5.856  40 42 5.850  -0.093 
44 40 5.138  40 44 5.135  -0.063 
06.0,05.0 == frr   05.0,06.0 == frr    
pxS Strike pxP  pxS Strike pxc  Error (%) 
36 40 8.081  40 36 8.008  -0.902 
38 40 7.113  40 38 7.051  -0.870 
40 40 6.244  40 40 6.193  -0.814 
42 40 5.467  40 42 5.427  -0.735 
44 40 4.777  40 44 4.747  -0.646 
 
Notes: The annual volatility is 40%. Both put and call mature in 365 days. r is the annual risk-free rate and q is the 
annual dividend yield. pxS: stock price. pxP: American put price. pxc: European call price. The American put is 
priced via binomial tree with daily steps, while the European call is priced via the Black-Scholes-Merton formula. 
Error: (pxc – pxP)/pxP. 
  
Table 4 Gross hedge errors under Black-Scholes-Merton at the end of the hedge period Th
Stock 
. 
Price at T
Hedged  
h Call at T
BSM-Dual 
h 
 Wu-Zhu 
Gross Error Gross Error (%)  Gross Error Gross Error (%)  
35 0.008 -0.008 -100.00  -0.008 -100.00 
40 0.144 -0.060 -41.78  -0.074 -51.52 
45 0.919 0.218 23.69  0.034 3.73 
50 3.029 0.006 0.19  -0.355 -11.73 
55 6.564 0.046 0.70  -0.482 -7.35 
60 11.005 -0.108 -0.98  -0.779 -7.07 
65 15.829 -0.034 -0.21  -0.706 -4.46 
70 20.772 0.002 0.01  -0.652 -3.14 
75 25.744 0.009 0.03  -0.627 -2.44 
80 30.721 0.010 0.03  -0.608 -1.98 
85 35.699 0.010 0.03  -0.590 -1.65 
 
Notes: BSM-Dual: hedge weights defined in Equation (3). Wu-Zhu: hedge weights defined in Equation (4) of Wu 
and Zhu (2016). The hedge period (Th) lasts 0.0696 years. The hedged call has strike 50 and maturity 0.5 years. The 
hedging calls have (strike, maturity) pairs: (40, 0.0833), (50, 0.1667), and (60, 0.0833). The risk-free rate, volatility, 
and dividend yield are 5%, 20%, and 1% per annum, respectively. Calls are priced by the Black-Scholes-Merton 
formula. Gross Error: the value of the hedging portfolio minus the price of the hedged call at Th. Gross Error (%): 
“Gross Error” as a percentage of the price of the hedged call at Th. 
  
Table 5 Net costs of hedge under Black-Scholes-Merton at the hedge setup. 
Stock  
Price at 0 
Hedged  
Call 
BSM-Dual  Wu-Zhu 
Net Cost Error (%)  Net Cost Error (%) 
35 0.017 -0.015 -88.27  -0.015 -90.23 
40 0.210 0.008 3.83  -0.028 -13.33 
45 1.107 0.151 13.66  -0.036 -3.27 
50 3.297 0.047 1.43  -0.316 -9.59 
55 6.814 0.007 0.11  -0.520 -7.63 
60 11.196 -0.055 -0.49  -0.696 -6.21 
65 15.978 -0.040 -0.25  -0.705 -4.41 
70 20.901 -0.005 -0.02  -0.656 -3.14 
75 25.864 0.007 0.03  -0.626 -2.42 
80 30.836 0.009 0.03  -0.605 -1.96 
85 35.811 0.010 0.03  -0.587 -1.64 
 
Notes: BSM-Dual: hedge weights defined in Equation (3). Wu-Zhu: hedge weights defined in Equation (4) of Wu 
and Zhu (2016). The hedge period (Th) lasts 0.0696 years. The hedged call has strike 50 and maturity 0.5 years. The 
hedging calls have (strike, maturity) pairs: (40, 0.0833), (50, 0.1667), and (60, 0.0833). The risk-free rate, volatility, 
and dividend yield are 5%, 20%, and 1% per annum, respectively. Calls are priced by the Black-Scholes-Merton 
formula. The “Net Cost” of hedge is the value of the hedging portfolio minus the price of the hedged call at time 0. 
Error: “Net Cost” as a percentage of the price of the hedged call at time 0. 
  
Table 6 Examples of true hedge errors under Black-Scholes-Merton 
with both a known initial and final underlying price. 
Stock  
Price at 0 
Stock  
Price at T
BSM-Dual 
h 
 Wu-Zhu 
True Error True Error (%)  True Error True Error (%) 
45 45 0.066 7.18  0.071 7.68 
45 50 0.170 18.53  0.351 38.23 
45 55 0.210 22.88  0.556 60.45 
50 45 -0.146 -4.82  -0.319 -10.54 
50 50 -0.041 -1.37  -0.038 -1.26 
50 55 -0.002 -0.05  0.166 5.48 
55 45 -0.106 -1.61  -0.446 -6.79 
55 50 -0.001 -0.02  -0.165 -2.51 
55 55 0.039 0.59  0.039 0.60 
 
Notes: BSM-Dual: hedge weights defined in Equation (3). Wu-Zhu: hedge weights defined in Equation (4) of Wu 
and Zhu (2016). The hedge period (Th) lasts 0.0696 years. The hedged call has strike 50 and maturity 0.5 years. The 
hedging calls have (strike, maturity) pairs: (40, 0.0833), (50, 0.1667), and (60, 0.0833). The risk-free rate, volatility, 
and dividend yield are 5%, 20%, and 1% per annum, respectively. Calls are priced by the Black-Scholes-Merton 
formula. The “True Error” of hedge is defined by Equation (5). True Error (%): “True Error” as a percentage of the 
price of hedged call at Th. 
  
Table 7 Simulated true hedge errors under Black-Scholes-Merton. 
Stock Price  
at time 0 
BSM-Dual  Wu-Zhu 
MHE (%) MAE (%) RMSE  MHE (%) MAE (%) RMSE 
04.0=µ         
46 0.53 7.30 0.074  7.09 11.99 0.144 
48 2.30 4.77 0.077  5.73 9.90 0.160 
50 1.19 2.44 0.058  3.11 5.58 0.139 
52 0.34 0.90 0.037  1.49 2.62 0.112 
54 0.13 0.47 0.037  0.85 1.73 0.112 
08.0=µ         
46 0.61 6.94 0.075  6.42 11.63 0.147 
48 2.04 4.57 0.077  5.05 9.43 0.160 
50 1.02 2.29 0.057  2.69 5.26 0.137 
52 0.29 0.85 0.036  1.27 2.46 0.111 
54 0.11 0.46 0.038  0.71 1.66 0.114 
 
Notes: BSM-Dual: hedge weights defined by Equation (2). Wu-Zhu: hedge weights defined in Equation (4) of Wu 
and Zhu (2016). The hedge period (Th) lasts 0.0696 years. The hedged call has strike 50 and maturity 0.5 years. The 
hedging calls have (strike, maturity) pairs: (40, 0.0833), (50, 0.1667), and(60, 0.0833). The risk-free rate, volatility, 
and dividend yield are 5%, 20%, and 1% per annum, respectively. Calls are priced by the Black-Scholes-Merton 
formula. MHE: the true hedge error defined by Equation (5) as a percentage of the price of the hedged call at Th, 
averaged over 10,000 possible terminal prices. MAE: the mean absolute percentage true hedge errors. RMSE: the 
root mean square true hedge errors. 
